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Abstract. We consider whether defects of co-dimension two could produce new lattice
chiral fermions.
1 Introduction
A vector like gauge theory with an infinite number of flavors can have a mass
matrix that has an index equal to unity, but otherwise is of the order of the
ultra-violet cutoff [1]. This produces a strictly massless charged Weyl particle
accompanied by an infinite number of heavy Dirac particles. This setup has been
used on the lattice with a domain-wall [2] realization of the mass matrix where
it leads to the overlap [3]. Here we ask whether a string realization of infinite
flavor space might achieve a substantially different form of lattice chirality. The
question is left unanswered, but there is some indication that employing a variant
of Baxter’s corner transfer matrix (CTM) [4] a more general construction of
lattice chiral fermions might be possible. It is hoped that the present discussion
will be a motivator to develop the idea further.
2 Infinite flavor space
Many reviews have been written about the new way of putting chiral fermions
on the lattice - for one example see [3]. Therefore, after a very brief overview,
this section will mention only facts essential for what follows later.
The overlap construction was based on two independent suggestions about
regularizing chiral gauge theories, one by D. B. Kaplan [2] and the other by S.
Frolov and A. Slavnov [5]. The first of these was, in turn, motivated by an earlier
paper by C. Callan and J. Harvey [6]. This earlier paper is also the basis of the
present article. The overlap path of development was completed in the summer
of 1997 with the publication of [7].
One very often hears in this context about a paper by Ginsparg and Wil-
son [8], published in 1982, which fell into oblivion until after the publication of
the first paper in [7]. In the second paper in [7] the overlap line of develop-
ment was merged with the Ginsparg-Wilson proposal. This confluence played an
⋆ ⋆ ⋆ Permanent Address.
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important psychological role in convincing the majority of workers in the field
that indeed the problem of lattice chirality was solved by the overlap. At the
moment there exists only one construction of lattice chirality that truly works.
To understand this construction as well as our attempt to go beyond it there is
no need to be familiar with [8] (although this paper is strongly recommended
on general grounds) nor with the many papers re-deriving the overlap with the
Ginsparg-Wilson relation as a a starting point. At the practical level too, it is
fair to say, little concrete gain has been produced by the many Ginsparg-Wilson
based papers appearing from 1998 onwards, except a sobering recognition that
the problem of lattice chirality could have been solved in 1982, or soon after,
had we focused on this prescient paper.
In this article we shall not diverge very much from what has proven to be
successful. We simply go to another example in the paper of Callan and Harvey,
and using yet another observation of D. B. Kaplan [9] try to follow the procedure
undertaken when the overlap was developed to see where this ends up leading
us. To do this it is necessary to only review the basic logical steps in the overlap
construction.
The general framework that unites the ideas of D. B. Kaplan [2] and of S.
Frolov and A. Slavnov [5] is to think about a formally vector-like gauge theory
which contains an infinite number of flavors [1]. The main new object in the
Lagrangian is a mass matrix that has an analytic index equal to unity and
whose non-zero spectrum is separated from zero by a gap of order the cutoff
energy:
Lψ = ψ¯γµDµψ + ψ¯RMψL + ψ¯LM †ψR (1)
The conditions on M are:
• M has exactly one zero mode.
• M † has no zero mode. (The adjoint of M is defined so that the Euclidean
fermion propagators have the right formal adjointness properties.)
• The spectrum of MM † is separated from zero by a finite gap.
If these condition hold for M , they will also hold for M + δM , if δM is small
enough. This property protects the mechanism from being destroyed by radiative
corrections.
These conditions ensure that there will be one Weyl fermion and an infinite
number of heavy Dirac fermions. To make this into a well defined construction
- one that can be implemented on a finite computer - the following steps were
carried out in the context of the domain-wall/overlap construction:
• Four dimensional space-time is replaced by a finite lattice. Invariably one
chooses a torus shape. All ordinary infinities are eliminated by this.
• In order to deal with the single remaining infinity (in flavor space) one makes
as simple a choice as one can for M and the space it acts on.
• One next formally integrates out all fermions. This step is formal because
the number of fermions is infinite. Nevertheless, for special choices of M ,
one can interpret the result as something finite and well defined times an
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infinite factor that looks, intuitively, harmless. The harmless infinite factor
is discarded and the remaining structure is a well defined candidate for the
chiral determinant line bundle over gauge configuration space.
• The candidate is subjected to several tests: it has to reproduce instanton
physics and the associated fermion number conservation violating processes;
it has to reproduce anomalies of global and local type, etc. (It goes without
saying that ordinary Feynman diagrams must be reproduced.)
• In the vector-like case one can next try to derive as simple a form as possible
for the effective action and see directly how continuum chiral Ward identities
are reproduced by this action.
We shall go some way on this path in the case of a string defect 1.
3 Two dimensional flavor space
3.1 Axial symmetric case
Let us start by reviewing Callan and Harvey’s paper, [6] - and add some further
details, mainly for pedagogical reasons.
First we need to set our conventions for the Gamma matrices in 6 Euclidean
dimensions. The various directions will be labeled as: a = 1, 2, 3, 4, 5, 6, µ =
1, 2, 3, 4, α, β = 5, 6.
Γµ = σ1 ⊗ γµ Γ5 = σ1 ⊗ γ5 Γ6 = σ2 ⊗ 1 (2)
As a result,
Γa =
(
0 ρa
ρ†a 0
)
(3)
Γ7 = −iΓ1Γ2Γ3Γ4Γ5Γ6 = −i(1⊗ γ5)(iσ3 ⊗ γ5) = σ3 ⊗ 1 (4)
or
Γ7 =
(
1 0
0 −1
)
(5)
The Weyl matrices are:
ρµ = γµ, ρ5 = γ5, ρ6 = i (6)
Thus, for 6D chiral fermions we can use four component spinors with action
Lψ = ψ¯(ρ†aDa)ψ (7)
From the 4D point of view one can think about the ψ’s as Dirac fermions con-
sisting of two 4D Weyl fermions of opposite handedness ψL,R:
γ5ψL = ψL, γ5ψR = −ψR, ψ¯Rγ5 = ψ¯R, ψ¯Lγ5 = −ψ¯L (8)
1 Although we do not get very far, we already find ourselves in disagreement with a
recent paper by Nagao.
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Each one of the above four fermion fields has two unrestricted components.
Lψ = ψ¯γµDµψ + ψ¯R(iD6 +D5)ψL + ψ¯L(iD6 −D5)ψR (9)
With m = iD6+D5 and m
† = iD6−D5 this can then be written in the generic
form:
Lψ = ψ¯/D4ψ + ψ¯RmψL + ψ¯Lm†ψR (10)
m, viewed as an operator on the 2D space of x5 and x6, has a hermitian conju-
gate, m†. The xα, α = 5, 6 are viewed as continuous indices in flavor space.
In the Callan-Harvey set-up we have, in six dimensions, one Dirac fermion,
comprising of a four component ψ as above, as well as another field, a four
component χ, of opposite handedness.
Lψ,χ = ψ¯/D4ψ + χ¯/D4χ+ (11)
( ψ¯R χ¯R )
(
m Φ
Φ∗ −m†
)(
ψL
χL
)
+
( ψ¯L χ¯L )
(
m Φ
Φ∗ −m†
)†(
ψR
χR
)
We see that the structure has the generic form of (1) with a mass matrix M
given by
M =
(
m Φ
Φ∗ −m†
)
(12)
and, in terms of the flavor doublet Ψ ≡
(
ψ
χ
)
, a fermionic Lagrangian of the
form
LΨ = Ψ¯(1⊗ /D4)Ψ + ΨR(M ⊗ 1)ΨL + ΨL(M † ⊗ 1)ΨR (13)
Above, ψ and χ are viewed as two four dimensional Euclidean Dirac fermions
and are distinguished by the discrete portion of a flavor index. This discrete
portion can take one of two possible values. The unit matrices in the direct
products are all two by two while /D4 is four by four andM is two by two. In this
dimension-counting we have ignored all color indices and the continuum labels.
M is arranged to have unit analytical index by picking
Φ = eiφf(r) (14)
where x5 = r cosφ and x6 = r sinφ. The natural inner product has an extra
factor of r in the measure. As a result, ∂†r = −∂r − 1r . Taking the A5 and A6
gauge field components to vanish we have
m = ∂5 + i∂6 = e
iφ(∂r +
i
r
∂φ)
m
† = −∂5 + i∂6 = e−iφ(−∂r + i
r
∂φ) (15)
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The matrix M now becomes
M =
(
eiφ 0
0 e−iφ
)(
∂r +
i
r
∂φ f(r)
f(r) ∂r − ir∂φ
)
(16)
leading to
M † =
(−∂r − 1r + ir∂φ f(r)
f(r) −∂r − 1r − ir∂φ
)(
e−iφ 0
0 eiφ
)
(17)
M has a single zero mode. We now look for zero eigenstates ofM . The zero
mode equation is (
∂r − kr f(r)
f(r) ∂r +
k
r
)(
η˜1k
η˜2k
)
= 0 (18)
Zero modes of M will be two component functions of x5 and x6, denoted by η.
In the r, φ polar coordinates, in order to get a zero mode, both components of η
need to carry the same angular momentum k ∈ Z. Thus, the angular dependence
of η is of the form eikφη˜ where η˜ is a function of r only. A zero mode of M is
also a zero mode of M †M . Acting on an η˜ field carrying angular momentum k,
M †M has the form
M †M =
(−∂r − 1r − kr f
f −∂r − 1r + kr
)(
∂r − kr f
f ∂r +
k
r
)
(19)
A bit of algebra gives
M †M =
(−∂2r − 1r∂r + k2r2 + f2 −f ′ − fr
−f ′ − f
r
−∂2r − 1r∂r + k
2
r2
+ f2
)
(20)
We can go to the sum and difference fields 1√
2
(ψ ± χ) which diagonalizes M †M
to:
1
2
(
1 1
1 −1
)
M †M
(
1 1
1 −1
)
= (21)
(−∂2r − 1r∂ + f2 − f ′ − fr + k2r2 0
0 −∂2r − 1r∂ + f2 + f ′ + fr + k
2
r2
)
This can also be written as:
1
2
(
1 1
1 −1
)
M †M
(
1 1
1 −1
)
=(
(∂r + f)
†(∂r + f) 0
0 (∂r − f)†(∂r − f)
)
+ k
2
r2
(
1 0
0 1
)
(22)
The two terms above are both positive semi-definite operators and, for a zero
mode, they must both vanish on η˜. This requires k = 0. The zero mode will have
to solve the following equation:(
∂r + f(r) 0
0 ∂r − f(r)
)(
η˜1 + η˜2
η˜1 − η˜2
)
= 0 (23)
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Only the operator in the left-upper entry has a zero mode, given by e
−
∫
r
0
f(ρ)dρ
.
We conclude that M has a single zero modes in all cases of interest.
M
† has no zero mode. We would like now to prove that M † has no zero
modes. We first go to MM † hoping to show it is strictly positive.
MM †
(
ψ
χ
)
= (24)(−∂2r − 1r∂r − 1r2 ∂2φ + f2 (f ′ − fr )e2iφ
(f ′ − f
r
)e−2iφ −∂2r − 1r∂r − 1r2 ∂2φ + f2
)(
ψ
χ
)
Expanding in angular momentum modes,
ψ =
∑
n
einφψn(φ), χ =
∑
n
einφχn(φ) (25)
we obtain for the zero mode equation
[−∂2r − 1r∂r + (n+1)
2
r2
+ f2]ψn+1 + (f
′ − f
r
)χn−1 = 0 (26)
[−∂2r − 1r∂r + (n−1)
2
r2
+ f2]χn−1 + (f ′ − fr )ψn+1 = 0
Note that the ordered pair (χ−n−1, ψ−n+1) satisfies the same equations as the
ordered pair (ψn+1, χn−1), so one could restrict the analysis to only n ≥ 0.
In matrix notation, we are dealing with the operator
O =
(
−∂2r − 1r∂r + (n+1)
2
r2
+ f2 f ′ − f
r
f ′ − f
r
−∂2r − 1r∂r + (n−1)
2
r2
+ f2
)
(27)
Consider the identity
(∂r + f)(∂r + f)
† = −∂2r −
1
r
∂r +
1
r2
+ f ′ − f
r
+ f2 (28)
Let us take n = 0 first. Then we find, with
K =
1√
2
(
1 1
1 −1
)
, (29)
KOK =
(
(∂r + f)(∂r + f)
† 0
0 (∂r − f)(∂r − f)†
)
(30)
It is easy to see that KOK has no zero modes. For |n| ≥ 2 the operator O can
be written as the operator O for n = 0 plus a non-negative operator. Hence, we
have established that MM † has no zero modes with n = 0 and with |n| ≥ 2.
The case |n| = 1 needs special analysis. Due to the symmetry between n = +1
and n = −1 we know that M † either has no zero modes, or that it has two zero
modes. In either case, M has a nonzero index.
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With some mild additional assumptions on f we can deal with the n = 1 case
too. These assumptions are not necessary; in other words, one can eliminate the
case n = 1 also with different assumptions.
We assume that f satisfies:
f ′ ≥ 0,
(
f
r
)′
=
1
r
(
f ′ − f
r
)
≤ 0, f(∞) = v > 0 (31)
For example, an f given by
f(r) =
vr
r + a
, a > 0 (32)
satisfies these assumptions. Actually, f(0) = 0 should hold always, since the
phase of the field Φ winds around the origin and |Φ| = f . Another example
would be
f = v tanh
r
a
, f ′ − f
r
=
1
a
− 12r sinh 2ra
cosh2 r
a
(33)
The expression is indeed negative because sinhx = x+ x
3
3 + . . . .
The assumptions on f (31) are satisfied for all non-zero values of the dimen-
sionless parameter λ, defined by:
λ = va (34)
Consider now the identities:
(∂r + f)(∂r + f)
† = −∂2r − 1r∂r + f2 + f ′ − fr + 1r2 (35)
(∂r + f)
†(∂r + f) = −∂2r − 1r∂r + f2 − f ′ − fr
Using them we write(−∂2r − 1r∂r + 2r2 + f2 f ′ − fr
f ′ − f
r
−∂2r − 1r∂r + f2
)
=( 1
r2
+ (∂r + f)(∂r + f)
† − f ′ + f
r
f ′ − f
r
f ′ − f
r
(∂r + f)
†(∂r + f) + f ′ + fr
)
= 1
r2
(
1 0
0 1
)
+ (f ′ − f
r
)
(−1 1
1 −1
)
+ 2f
′
r
(
0 0
0 1
)
+(
(∂r + f)(∂r + f)
† 0
0 (∂r + f)
†(∂r + f)
)
(36)
Since the matrix (−1 1
1 −1
)
(37)
is negative semi-definite, every term in the above additive decomposition is pos-
itive semi-definite. For a zero mode they all have to have zero expectation value
and this is impossible.
A similar decomposition should handle the case ( f
r
)′ ≥ 0 which would corre-
spond to an f which blows up at infinity.
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Spectral gap. Let
f(r) = vgλ(x), with lim
λ→0
gλ(x) = 1 (38)
where x = vr and λ is the positive dimensionless parameter introduced earlier.
To establish the existence of a gap we need to show that the spectrum of
M †M is separated by a gap from its single zero eigenstate. It suffices to show
this for wave-functions with no φ dependence, see (20). The non-zero portion
of the spectrum of M †M also is the joint spectrum of (∂r + f)(∂r + f)† and
(∂r − f)†(∂r − f). We use (∂r + f)(∂r + f)† rather than (∂r + f)†(∂r + f) to
eliminate the zero mode.
∂r∂
†
r = ∂
†
r∂r +
1
r2
(39)
(∂r + f)(∂r + f)
† = ∂†r∂r + f
2 + f ′ − f
r
+ 1
r2
(∂r − f)†(∂r − f) = ∂†r∂r + f2 − f ′ + fr
So, all we need is to find lower bounds for
h1 = g
2
λ + g
′
λ −
gλ
x
+
1
x2
(40)
h2 = g
2
λ − g′λ +
gλ
x
For λ→ 0 gλ(x)→ 1 and it is easy to check that h1,2 are bounded by positive
numbers:
h1 → 1x2 − 1x + 1 ≥ 34 (41)
h2 = 1 +
1
x
≥ 1
Making λ positive nonzero and small cannot change these bounds by much,
for any x away from zero. It is easy to see that at x = 0, where smoothness
in λ breaks down, these positive lower bounds still hold. Thus, keeping λ small
enough we are sure we achieved all our objectives.
Effective low energy theory. We could restrict the fields ψL, χL, ψ¯L, χ¯L to
have no dependence on φ, the φ dependence of ψR, χ¯R to be given by e
iφ and the
φ dependence of χR, ψ¯R to be given by e
−iφ. This requires us to constrain the
fields ψ¯R, ψR, χ¯R, χR to vanish at the origin, where the angle φ is not defined.
After extracting the angular dependence we can drop the φ integral in the action
and again rotate the new ψ,χ fields to ψ ± χ. The difference combination can
also be dropped. All the fields we have dropped are “heavy” and dropping them
is consistent with effective field theory logic. The scale of their masses is given by
the asymptotic value of f at infinity. The remaining heavy and light fields (from
the four dimensional point of view) correspond to a single, four component,
complex, fermion field living in a five dimensional world with a boundary at
Lattice chiral fermions from continuum defects 9
r = 0, where r is the fifth dimension. The single zero mode we have is left-
handed from the four dimensional point of view.
We end up with a set-up similar to the domain wall case, only that the extra
dimension is now [0,∞) and there is an r-factor in the internal measure factor.
Because of this similarity it is unlikely that a truly new may of regularizing chiral
fermions could be obtained pursuing this any further.
3.2 A less symmetric arrangement
David Kaplan [9] had the idea to make a Cartesian arrangement in which the
phase of Φ changes in jumps between consecutive constant values in each quarter
of plane. The length of Φ is frozen to v. One way to do this is to take the scalar
field as:
Φ(x5, x6) = v[ǫ(x5) + iǫ(x6)] (42)
The sign functions can be smoothed out at the origin. This would also smooth
out the discontinuities in the phase - Φ would become a smooth function. Now
M =
(
i∂6 + ∂5 v[ǫ(x5) + iǫ(x6)]
v[ǫ(x5)− iǫ(x6)] −i∂6 + ∂5
)
(43)
The zero mode equations become
[i∂6 + ∂5]η1 + v[ǫ(x5) + iǫ(x6)]η2 = 0 (44)
[−i∂6 + ∂5]η1 + v[ǫ(x5)− iǫ(x6)]η2 = 0
The zero mode is unique, and given by
η1 = η2 = Ae
−v[|x5|+|x6|] (45)
This mode is localized at the origin, which is the point at which the two lines
on which f5 and f6 vanish intersect. In the original Callan-Harvey setting the
two lines which intersect are lines on which the real part and, respectively, the
imaginary part of the complex frozen Higgs field, vanish.
If we smooth out the sign functions, we shall have a differentiable zero mode.
This may not be necessary when we go to a lattice. The arrangement allows us
to go to a regular square lattice in the x5 − x6 plane. The lattice will have to
be infinite. If we truncate it, on its boundary we expect to find a partner to the
chiral fermion at the origin, of opposite chirality.
Our considerations so far put us in disagreement with Nagao’s paper [10]: We
do not find extra zero modes in the continuum beyond the one four dimensional
Weyl fermion at the string defect and we see no need for an axially symmetric
lattice structure which is necessarily inhomogeneous. Only the winding of the φ
phase is necessary for the Callan-Harvey mechanism to work, and that we have
shown can be achieved by a Cartesian arrangement.
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3.3 Smooth Cartesian arrangement
We now eliminate all jumps in the Cartesian case:
vǫ(xα)→ fα(xα) (46)
The real functions fα depend on a single real argument on the infinite real
line. They are monotonically increasing and asymptotically constant, going from
−v−α at −∞ to v+α at ∞, with v±α > 0 and large, of the order of a 4D ultraviolet
cutoff. Also, we choose fα(0) = 0.
The scalar field Φ is:
Φ(x5, x6) = f5(x5) + if(x6) (47)
Define two operators on functions of a xα:
dα = ∂α + f(xα), d
†
α = −∂α + f(xα), [d5, d6] = 0 (48)
The dα’s have zero modes but the d
†
α do not.
Change again the field basis by ψ, χ → 1√
2
(ψ ± χ) and the same for ψ¯, χ¯.
The Lagrangian changes by changing the matrix M :
M → 1
2
(
1 1
1 −1
)
M
(
1 1
1 −1
)
=
(
d5 −id†6
id6 −d†5
)
(49)
We shall continue to denote the (new) mass matrix by M .
Properties of M in the Cartesian case. We now need to prove that indeed
M has a single zero mode and that M † has no zero mode. This is very easy:
M †M =
(
d†5d5 + d
†
6d6 0
0 d5d
†
5 + d6d
†
6
)
(50)
MM † =
(
d5d
†
5 + d
†
6d6 0
0 d†5d5 + d6d
†
6
)
(51)
This not only proves our statement, but also shows that the zero eigenvalue of
M †M is separated by a large gap from the the rest of the spectrum. Hence, the
arrangement is stable under deformations smaller than the cutoff scale.
Note that the above construction is a general prescription of combining two
commuting operators with index into a new operator with the same index acting
on a doubled product space. This procedure can be iterated, doubling the number
of extra dimensions at each step.
Spectral gap in the Cartesian case. Here we deal with the two functions
f1,2 which obey f
2
α+ f
′
α → v2 as λ, approaches zero and the same logic as in the
previous gap analysis, for the axially symmetric case, again applies.
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4 Compactifications
If the 2D x5 − x6 plane is compactified the chiral fermion will get a partner of
opposite chirality and the index will be lost. Actually, one can generate more
Dirac fermions than the minimum needed, as we shall see.
Consider first the axially symmetric case: To obtain a compactification we
need to replace f by a periodic function. f(r) would go from zero at r = 0 to
zero at r = R. It would grow to a positive large value, stay at it for a long while,
and then drop back to zero at R. It is natural to compactify now to a sphere.
Each half sphere contains one of the poles of the original sphere and a circle on
the boundary where f is in the middle of its range. At each pole we have a chiral
fermion, the chiralities at the two poles being opposite. In total, we have a Dirac
fermion.
Turn now to the Cartesian case: fα is made periodic as follows: it would go
from −v−α at zero to v+α and continue back after a long while to −v−α at some
Lα. This naturally leads to a two torus of sides L5, L6. Now, there are chiral
fermions at (L54 ,
L6
4 ), (
3L5
4 ,
L6
4 ), (
L5
4 ,
3L6
4 ) and (
3L5
4 ,
3L6
4 ). There are two pairs
of Weyl fermions, each pair has two members of opposite chirality. Together,
they make up something like a u and d quark. The behavior is similar to that of
naive fermions where momentum space has been traded for x5–x6 and we have
squared the 2D Dirac operator.
To get open boundaries, like those leading to the simples form of the overlap,
we take, for example, v+α to infinity. The boundary conditions are imposed by
this limit like in the case of the MIT bag model. This procedure certainly works
in the domain wall case. Here, one would guess that an open square of sides L52 ,
L6
2 with four massless Weyl fermions located at the corners of the square will be
produced. We still would have two massless Dirac fermions.
4.1 MIT-bag boundary conditions
As just mentioned, additional (but inessential) simplifications are possible in
the vector-like case. These simplifications amount to taking the lattice fermion
mass parameter to infinity where-ever this is possible. As a result, fermions
are excluded from some portion of flavor space. This exclusion leaves behind
a boundary and the issue is to determine what boundary condition has been
induced by this process. This problem has been solved many years ago:
Whenever one uses mass-like terms to exclude a region of space-time from
being visited by fermions one is doing an MIT-bag-like construction [11]. (It is
not necessary that the fermion motion be constrained to a bounded region - the
bag can be infinite in some directions.) We need to slightly generalize from the
original construction to mass matrices that are not necessarily diagonal.
One has a surface of co-dimension 1 and one focuses on the region close to
the surface. The normal to the surface is nµ. One wants to exclude fermions
from one side of the surface by taking a mass parameter to infinity there. On
the other side of the surface we want to maintain ordinary propagation. Call
the excluded region “outside” and the other “inside”. In the infinite limit of the
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mass parameter, a boundary condition is generated on the inside fermions at the
surface.
Near the surface we can pick coordinates τ and yi where i = 1, 2, ..., d − 1.
The yi are along the surface and the τ is perpendicular to it.
xµ = τnµ + ξ
i
µyi (52)
where
y · n = 0, ξiµnµ = 0, ξiµξjµ = δij (53)
Now,
∂µ = ∂τnµ + ξ
i
µ∂yi (54)
The (Euclidean) equation of motion for the fermions is of the form
(Aµ∂µ +B)ψ = 0 (55)
Aµ and B are matrices in flavor and spinor space. B can be written as B = vB˜
with B˜ a matrix with entries of order unity while v is the scale that will go to
infinity. One assumes that B˜ is invertible. Define
A˜µ = B˜
−1Aµ (56)
For the purpose of determining the boundary conditions we only care about the
derivative terms in the direction perpendicular to the surface. Hence we need to
look only at
(A˜ · n∂τ + v)ψ = 0 (57)
Writing the solution as
ψ = e
1
z
vτφ (58)
we see that z has to be an eigenvalue of −A˜ · n. By convention, τ vanishes at
the surface and increases to positive values outside it. Solutions that tend to
diverge need to be eliminated by the boundary condition. They correspond to
eigenvectors of −A˜ ·n whose real part is positive. The boundary condition is that
ψ be orthogonal to the subspace spanned by these eigenvectors at the boundary.
Note that A˜ · n will in general not be hermitian or anti-hermitian and we are
talking about its right eigenvectors.
5 Generalization of the overlap
Consider again the Cartesian set-up on the infinite x5 − x6 plane. Following the
overlap construction, our task is to find a formal way to integrate out all fermions
with a fixed four-dimensional gauge background. This formal way should pro-
duce a candidate non-perturbative regularization of the chiral determinant line
bundle we should be familiar with from continuum field theory. In the overlap
case the formal construction admitted a trivial renormalization and produced
a well defined object that was subsequently proven to share many topological
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and differential features with the continuum chiral determinant line bundle. The
trivial renormalization in the overlap case amounted to dropping an infinite mul-
tiplicative factor from the partition function, reducing it to an overlap of two
states in a finite dimensional Hilbert space. We conjecture that here something
similar happens, only that the role of the states is taken by analogues of Bax-
ter’s corner transfer matrices. It is plausible that the partition function again
contains infinities only as multiplicative constants that are exponentials of local
functionals of the gauge field background with diverging coefficients.
We use Wilson mass terms to implement the (43) structure on an infinite
two dimensional square lattice. This lattice is naturally divided into four semi-
infinite quadrants. Keeping the variables on the two infinite lines bounding a
given quadrant fixed we sum over all internal fermions. This produces a corner
transfer matrix K, for each quadrant, depending on the background gauge field
and on the quadrant mass structure. In several cases Baxter has shown that
K normalizes simply to an operator with a discrete spectrum. The spectrum is
discrete sinceK is, roughly, the exponent of a rotation generator in the plane, and
the rotation is by a finite angle given by pi2 . The generator of rotations surely has
a discrete spectrum. Each K in itself does not “know” that the mass parameters
undergo jumps. The existence of jumps is encoded in the fact that we have four
different K-matrices. Extracting the harmless normalization constant which are
infinite, but proportional to the free energy of the very massive fermions in the
gauge field background, we should be left with an equation of the form:
chiral determinant = TrK1{U}K2{U}K3{U}K4{U} (59)
The trace operation performs the integration over all remaining fermion fields
on the boundaries between the quadrants. This trace is conjectured to produce
the bundle we are after and requires that an overall phase be left undetermined
in the process of constructing the K-operators. The variables {U} represent the
collection of gauge field link variables that live on the four dimensional finite
toroidal lattice that replaces the continuum spanned by xµ, µ = 1, 2, 3, 4.
6 What next ?
To proceed along this path one would need to do the following:
• Show that indeed the matrices K can be constructed in a natural fashion.
The situation is slightly different from that of Baxter in that the fermions are
massive, very far from being 2D conformally invariant. However, the entries
of K are, after all, just the inverses of some massive propagators in a gauge
background, so should be essentially local.
• Understand precisely how a natural phase indeterminacy enters and why (59)
should be interpreted as defining a line bundle over gauge orbit space. Note
that if a spectral decomposition for the K matrices were to apply, one has a
nice structure of rings of states:
〈ψ1|ψ′2〉〈ψ2|ψ′3〉〈ψ3|ψ′4〉〈ψ4|ψ′1〉 (60)
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• Find out by what mechanism anomalies are reproduced.
• Take the vector-like case and extract as simple a limit as possible. In the
vector-like case the phase ambiguity should disappear.
• If there is a simple effective action for the Dirac case, does it obey the
Ginsparg-Wilson relation [8] ?
We end here expressing the hope that some progress on the above lines will occur
in the future.
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